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1198 The Problem of Probability of Repeated Trials. 

Finally the result will be : 

P{x) = 1-I(u, x)-[a2G1 +aaG2+a4G3 + ... ],fr(m,,c). 
This expression is also rigorous. 

. Re'?1'ark.-The num:rical valuation 0£ G.,[r(m x) is much 
sunphfied by the relation . ' 

G.,[r(m, x) = (-1)•,:l•,[r(m, x-s), 

as there are tables which give the values o£ ~r~(m z) * . d f th ·t · -r · , , ,tn rom em 1 rs easy to compute the above differences. 

II. LExrs's PROBLEM. 

. 4. Let us suppose that the probability 0£ the sinale event 
1s the same at each of n trials, and that it is equally likely 
that this probability is equal to p 1 or p or p or . 
Jet qi, q2 ... q., be the corresponding probabilities oif;ilu~;,' 

I£ we de?ote by P(~) the probability that the event wiil 
happen x tunes at n tnals, we have 

The generating function 0£ this probability is 

1 "' 
<f,(t) = ~ '$ (qi+pl)". 

ro i=l 
. . . (10) 

"The facto:ial :nomentum of P(x) can easily be dedu d £ · 
{10) by aid of formula (6) ce mm 

ID?.=~ n(n-l)(n-2) ... (n-s+l) _:Sp/. 
i;l 

1 
If we put ;;;!,p;=p and np=m, it results 

IDlo = I, illl1 = m, ':W2 = ~n(n-1):Spl, 

ID?a = ln(n-l)(n-2)!,p/, etc. 

The probability P(x} can now be expanded in a series (4), 

12
*
1 

K
0
• Peba~•d·on, 'Tables for Statisticians and Biometricians , pp 113 . am r1 ge, 1914. ' · -
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where the coefficients ai are given by formula (5): 

a0 = 1, a1 = 0, a2 = ~ [~n(n-1):Sp/-m2
], 

a3 = ~[~n(n-l)(n-2)'$p/- fmn(n-l)'!,p/+2m 3
], 

etc. 

Formula (9) gives, by aid of the above coefficients, t~e 
-expansion of the probability that tbe number of successes rn 
n trials does not exceed X· 

Both expansions are rigorous, and if the necessary number 
-0£ terms are calculated, any prescribed precision can be 
obtained. 

CXV. The Difference in the Time Lags in the Disappearance 
of the Electric Double Refraction behind that of the Elect1·ic 
Field in several Liquids. By_ J. _W. BE~Ms1 _Ph.D., 
National Research Fellow, Univn·szty of hrginia, and 
FRED ALLISON, Ph.D., Professor of Physics, Alabama 
Polytechnic Institute*. 

WHE~ an electric field is applied across two metallic 
plates immersed in a liquid such as carbon bisulphide 

or chloroform, the liquid between the plates becomes doubly 
refracting. This phenomenon was discovered by Kerr t 
and is usually referred to as the "Kerr Effect." If the 
electric field is suddenly relaxed, the electric double re­
fraction disappears very" quickly. In the case 0£ carbon 
bisulphide, Abraham and Lemoine :j: have concluded that 
the electric double refraction follows without, any lag 
the variations of the electric field which produces it. Their 
experiments, however, are subject to considerable un­
certainty because of phenomena occurring at the beginning 
of the spark discharge which make their measurements 
unreliable§. Wood !I, on the other hand, noted in his 
experiments that, when nitrobenzene was substituted for 
carbon bisulphide, the electric double refraction seemed to 

* Oommunicated by the Authors. 
t Kerr, Phil. ~fag. vol. i. pp. 337,446 (1875); vol. vii. pp. 85, 229 

(1879). , t Abraham and Lemoine, Comp. Rend. t. cxxx. p. 499 (1900). 
§ Brown and Beams, J. Opt. Soc. Amer. and Review of Scientific 

Instruments, vol. xi. p. 11 (1925) ; Beams, Phys. Rev. vol. xxviii. p. 475 
(1926), 

II Wood, Proc. Roy, Soc. A, vol. xcix. p. 371 (1921). 
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die away less rapfolly. Recently*, preliminary mention 
of a method has been made by which the difference in 
the time lags of the electric double refraction behind the 
relaxation of the electric field could be detected ; but 
the method did not lend itself to accurate quantitative 
measurements. 

Since accurate quantitative data on these time lags are 
necessary for the application of the quick decay of electric 
double refraction to the measurement of short time intervals, 
as well as for the establishment of a satisfactory theory of 
the " Kerr Effect," the above-mentioned method has been 
improved and extended to the precise determination of the 
difference in the time lags in the disappearance of the­
electric double refraction behind that of the electric fields. 
This paJ_Der describes the method and gives the experi­
mental results for carbon bisulphide, chloroform, and 
bromoform. 

To understand the meth0d of the experiment, consider 
fig. 1. K is a so-called " Kerr Cell" made by immersing 

.Fig-. l. 
R, 

T 

=o D~D 0 A [E E N
2 

N, L 

T 

two parallel plates of metal in a liquid such as carbon 
bisulphide. N 1 and N2 are crossed nicols, the diagonals 
making an angle of 45° with the plates of K. I£ an 
electric field is applied across the spark-gap A and con­
sequently across the plates of K, light will pass N 2 so long 
as the field is applied, but no light will ]Jass N 2 if the field 
is relaxed. It has been found t that if the electric field 
in K is relaxed by the spark at A, no light from A passes N2 

provided the lead wires are made very short. If, however, 
the lead wires from A to K are lengthened, light from A 
passes N

2
, i. e., the closing of K can be advanced or 

retarded with respect to a spark at A simply by shortening 
or lengthening the lead wires from A to K. 

* Beams, J. Opt. Soc. Amer. and Review of Scientific Instruments, 
vol. xiii. p. 957 (1926). 

t Brown and Beams, J. Opt. Soc. Amer. and R. S. I. vol. xi, p. 11 
(1925); Beams, Phys. Rev. vol. xx.viii. pl 475 (1926). 
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The arrangement of the apparatus used in th!~ experim_ent is 
shown in fi(Y, 2. K 1 and K 2 are" Kerr Cells of practically 
identical di~nensions, the plates being 12 cm. in length, 1 cm. 
in width, and 0·45 cm. apart, The plane of the plates of Ki 
is vertical, while that of K2 is horizontal. These cells are 
so constructed that the liquid with which they are filled can 
easily be removed and another substiti~ted. N1 and N2. are 
crossed nicols as before Lis a lens which renders the hght 
from a steady source S ~arallel, and F is a light fil~er w.hich 
makes the light from S practically mono?hromatic. T,1 Tt 
and T

2 
T2 are cross-wires by means of which the lead wires 

from the spark-gap A to K 1 and to K 2, respectively, can be 
lengthened or shortened by the observer at E. The lead 
wires from A to K 2 are so arranged that K 2 can be moved 
in the direction SN1N2 £our or five metres without chang~ng 
their length or their distances apart. The, source of high 

Fig. 2. 

' ' ' ' T, . T, . 
' 

i:: :.~) 

I ., 
~ D D if "' S• ... 

A u N, 
(J') .41; F L N, K, 

T, T, 

potential applied across the spark-gap A ~as e~ther a 
60-cycle, 10,000-volt transformer or an rnduc~10n coil. . 

Suppose that K1 and K 2 are first filled wit~ carbon bi­
sulphide and the high potential is slowly applied across A. 
The electric fields across K1 and K 2 are therefore equa1 
during the time of charging. Hence, since K1_and K2 are 
identical and the planes of their plates are at right angles, 
the electric double refraction in K1 is exactly comp_ensated 
bv that in K

2 
and no light from S passes N2 durmg the 

charging. In the case of a sudden discharge of K1 a?d K2 
through the spark-gap A, no light will pass N2 1£ the­
lengths of the lead wires from A to K 1 a;e equal to, a~di 
symmetrical with, those from ~ to K 21 i.e., the electrm 
double refraction in K 1 at every mstant 1s compensated by 
that in K

2
• On the other hand, if K 2 by lengthen~ng _the 

lead wires from A to K2 is made to discharge a certam time 
after Ki, light will pass N 2• If now K2 is moved backward 

Phil. Mag. S. 7. Vol. 3. No. 18. May 1927. 4 H 
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in the direction AN1N2, (although not so shown in fio-. 2 
N 2 was about five metres behind N 1 ; the distance, of co;rse' 
separating N2 and N1 is immaterial), it is possible to find ~ 
position of K2 for which no light passes N2• The distance 
through which K2 must be moved backward to secure com­
pensation was found to be equal to the total increase of lead 
wire from~ to K2, i.e., th:3 electric impnlse travelled along 
the _ lead w_ires _at ~pproxunately the velocity of light, a 
findmg which 1s m agreement with many well-known 
results. 

To increase t?e. pre~ision o_f these experiments a very 
strong source of light 1s reqmred at S. It has been pre­
viously sh?w:1 * th~t with ~he above arrangement of 
appar3:tus it is !'.oss1ble to pick out of the zinc spark 
the zmc-spark Imes 4912·24 A. practically alone, and 
that they are very intense for a few hundred millionths 
of a, seco1;-d, depending upon the auxiliary capacity in 
parallel with the spark. The steady light-source S was 
~herefore removed and the spark-gap A was clamped in 
its place, as shown by the dotted lines in fig. 2. Zinc 
electrod:cs were put in the terminals of the spark-gap A 
and a variable capacity was connected in parallel to mak~ 
the spark mo~e intense. The lead wires AT1 K1 and AT2K 2 

were then adjusted so that, when K 2 was placed directly 
behind K1 and T2T2 were moved a fow metres forward and 
backward from the position of complete extinction the 
lines 4912·24 A. passed N2• T2T2 were then moved t~ the 
position of cornplete extinction, i. e., where the nicol N 
transmitted no light. Chloroform was then substituted 
in K 2 for carbon bisulphide, and the plane of K 2 was 
rotated through an angle of 90°. (This adjustment is 
necessary, since chloroform behaves in an electric field as 
a 1:e1,;ative. u1;iaxial crystal and carbon bisulphide as a 
pos1t1ve umaxrnl c1:rstal.) Tt .was then found that light 
passed N2, but that 1f K 2 was moved backward a distance of 
100 cm., practically no light passed N2, i.e., the electric double 
refractio~ in carbon bisulphide. is p_ractically compensated 
by that 1n chloroform, resultmg from the fact that the 
Kerr constant of carbon bisulphide is almost equal to that 
of chloroform. (It is not necessary that the Kerr constants 
of two liquids be equal in vrder to secure compensation when 
monochromatic light is used, since by rotating the planes of 
the plates of K 1 and _of ~ 2 with respect to N1 the magnitude 
of the double refraction m K 1 and K2 can be varied.) 

When the two cells contained carbon bisulphide and the 
* Beams, loc. cit. 
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lead wires were so adjusted that N 2 extinguished the light, 
K 2 being immediately behind K 1 , the electric fields in K 1 

.and K 2 were then relaxed together ; or, to be exact, the 
electric field in K 1 was relaxed before that in K 2 by a time 
equal to the distance between the centres of the cells divided 
by the velocity of light. WJ;i.en chloroform was substituted 
for carbon bisulphide, the electric fields in K 1 and K 2 were 
still removed practically together as in the case of carbon 
bisulphide ; but since it was found necessary to move K 2 

back a distance of 100 cm. in ord!:'r to extinguish the light 
through N

2
, the disappearance of the electric double re­

fraction in chloroform must lag behind that in carbon 
bisulphide a time equal to 100 cm. divided by the velocity 
of light, or 3·3 x 10- 9 sec. Similar experiments on the 
determination of time-lag differences of the electric double 
refraction behind the relaxing electric field were made for 
Bromo£orm. Table I. gives the results, together with the 
Kerr constants, the dielectric constants, and the coefficients 
•of viscosity. 

TABLE I. 

Liquid. 
• 

1 
· K Coefficient of Difference in time lag 

~ie ectrw 
O 

err Viscosity of Kerr effect 
onstant. •onatant. at 20° O. behind electric field. 

Carbon bisulphide,0S2• 2·6 4·28 0·00367 
100 cm. 3·3xl0-" sec. 

Chloroform, CHOl3,., 
5·2 -4·01 

" 
0·00564 

0cm. 0 

Bromoforrn, CHBr3 •• 4·4 -3·8 0·20 

It will be noted from the table "that the time lag in the 
liquids investigated does not depend, directly at any rate, 
upon the Kerr constant, the dielectric constant of the liquid, 
or the coefficient of viscosity. A great num her of liquids, 
however, must be tested before detinite conclusio11s can be 
<lrawn. 

The fact that it was almost possible to extinguish com-
pletely the light through N9 indicates that the double 
refraction rt>mains constant for a definite time after 
the electric field is removed, and then decays abruptly. 
These abrupt decays must be similar in the cases so far 
investigated ; otherwi8e a rather bright minimum would 
have occurred instead of almost complete extinclion. The 
lack of complete extinction, however, probably indicates 
a, small .,difference in the deca.y curves, and we hope to 
investigate this point forth er. The occurrence of this 
faint minimum instead of complete extinction might be 

4R2 
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the result of the changes in capacity introduced in Kz 
when the liquids were changed. However, this effect is 
very small and probably cannot completely account for the 
observed lack of perfect compensation. 

We wish to thank Professor L. G. Roxton for liis interest 
in the work and for placing apparatus at our disposal. 

Summary. 
1. A method has been developed by means of which the 

difference in time lags of the disappearance of the electric 
double refraction after the removal of the electric field 
in various liquids can be measured with a precision of 
0·4 x 10-9 sec. 

(2) Of the liquids investigated, carbon bisulphide had 
the smallest lag, and is therefore probably the best liquid 
to use in experiments in which the decay of electric double 
refraction is used to measure small time intervals. 

Rouse Physical Laboratory, 
University of Virginia, 

August 31, 1926. 

OX VI. Some Theoretical Determinations of Crystal Para­
meters. ByJ. E. LENNARD-JONES, D.Sc., ReaderinlYlathe­
matical Physics, and BERYL M. DENT, B.Sc., Research 
Assistant, The Unfoersity, Bristol*. 

§ 1. Introduction. 

THE complete specification of a crystal structure requires, 
in all but the very simplest cases, a knowledge not 

only of the shape and size of the unit cell but also of one or 
more crystal parameters. In the case of carbonate crystals, 
for example, the appropriate parameter is the distance between 
a carbon ion and an oxygen ion in a 003 group. The ex­
perimental determination of these parameters involves the · 
comparison of the intensit,ies of X-ray reflexion ~rom a 
number of different planes of the crystal, and is in some 
cases a matter of considerable difficulty and uncertainty, as 
may be inferred from the widely varying results of different 
investigators. It is therefore of some interest to make, 
wherever possible, a theoretical determination of these 
parameters. 

This has recently been done by the present authors for the 
carbonate crystals t. The method involves the calculation of 

* Communicated by the Authors, 
t Lenuard-Jones and Dent, Roy. Soc, Proc. A, vol. cxiii. p. 673 (1927). 

'l'heoretical Determinations of Crystal Parameters. 1205 

tbe absolute va!ues of the crystal e~ergies, and this requires 
:t kn?wledge of all th~ forces operatmg between the different 
ions m the crystal. These forces have been classified under 
four headings, viz.: electrostatic, van der Waals's attractive 
polarization, and intrinsic 1·epulsive forces. The van de; 
vVaals's cohesive forces have been shown elsewhere* to be 
small compared ,.-i~h the electrostatic (valency) forces, and 
~? need n?t b: cons1~er:d in crystals composed only of ions. 
Ihe polanzatwn of 10rnc cores due to the effective electro­
static charge~ of neighbouring ions introduces another system 
of for?es, w_lnch i_nay be calculated on the supposition that an 
electrical dipole 1s created at the centre of each ion. Many 
attempts _have bee~ ma~e t_o determine the strength of these 
doubl~ts .m the :anons 10mc cores, and their relation to the 
electric field which produces them, but no consistent results 
have yet been attained. There is, however, sufficient evidence 
to show that the polarization forces are small compared with 
~he e~ectrostatic and intrinsic repulsive forces, and their 
mclus10n would constitute an approximation of the second 
order. In any case, where crystals possess a hio-h deuree of 
sym.metry, the ionic cores are polarized symm;tricaUy and , 
~he mdnced doublets are self-compensating. This is the case 
m the crystals considered in this paper, and so we slmll omit 
the effect of polarization forces. 

The intrinsic repulsive f?rces h~ve been investigated by 
,onP; of t~1e present authors 111 a series of papers t, the last of 
whrnh gives a complete table of the repulsive forces between 
pun gas atoms and between monovalent and divalent ions 
wi,t~ elec~ronic stn!ctures o! the pure gas type. 

lhe obJect of this paper 1s to use these intrinsic repulsive 
forces to make a theoretical determination of the parameters 
,of three types of ?rystals, viz. (1) the Rntile group, (2) the 
crystals of Potassrnm Chlor0stannate and Potassium Chloro­
platinate, and (3) the crystal of solid carbon dioxide-all 
crystals of one parameter. 

In the case of the Rutile group an attempt had previously 
been mad1J by Horn and Bollnowt to d6termine theoretically 
the crysta~ parameter. The method was an adaptation of one 
used prev10usly by Bragg and Qhapman § in :i theoretical 

* C(f. Roy. Soc. Proc. A., vol. cvi. pp. 715 & 716 (1924). 
t Lennard-J?~es, Roy. Soc. Proc. A, vol. cvi. pp. 441, 463, & 709 

(1924) _:_ vol. cvn. pp. 157 & n36 (1925); vol. cix. pp. 476 & 584 (1925) • 
vol. cxn. p. 230 (1926). ' 

t Born & Bollnow, Naturwfrsensckaften, ,·ol. xiii. p. 559 (1925). 
,and Bollnow, Zeit.f. Phys. vol. xxxiii. p. 741 (1925). ' 

§ Bragg & Chapman, Roy. Soc. l'roc. A, vol. cvi. p. 370 (1924). 
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LXXXIV. Electrostatic Problems concerning certain Inverted 
Spheroids. By D. M. WRINCH, jl£.A., D.Sc., Lecturer at 
Lad,y Margaret Hall and St. Hilda's College, Omford *. 

Introduction. 

I. J N this paper we consider an ·analytical treatment of 
. various problems of electrostatics associated with the 

surtaces obtained by inverting an oblate spheroid with 
respect to a point on the axis of symmetry. 

We may take coordinates (t 'I'/, w) defined by the 
relations: 

z' = a' (cos 17 sinh l; + sinh !;1), 

m
1 = a' sin 17 cosh E cos w, 

y' = a' sin 17 cosh l; sin w. 

Then the surfaces l; = constant are the confocal oblate 
spheroids: 

(z' -a' sinh l;1 )
2/a12 sinh2 E+ (m12 +y12)/a'2 cosh2 E = 1, 

and the surfaces 17=constant are the confocal hyperboloids 
of revolution of one sheet : 

(z'-a' sinh l;1 )
2/a' 2 cos2 17-(al2 +,y'2)/a12 sin2

17 
= I. 

The centre of coordinates (x' y' z') is then at a distance 
( -a' sinh !;1) from the centre of the spheroids in the direc­
tion of the minor axes. The particular spheroid E=l;

0 
will 

* Communicated by the Author, 
Phil. Mag. S. 7. Vol. 3. No. 17. April 1927. 3 K 


